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Abstract. ly^'P estimate for the solutions of elliptic equations whose co- 
efficient matrix can have large jump along the boundary of subdomains is 
obtained. The principal coefficients are supposed to be in the John-Nirenberg 
space with small BMO seminorms. The domain and subdomains are Reifen- 
berg flat domains and moreover, it has been shown that the estimates are 
uniform with respect to the distance between the subdomains. 



1. Introduction 

We consider the following Dirichlet problem for the divergence form elliptic equation 

\-{aijUxj)xi = ~div{A{x)S/u{x)) = div/ = {Dxt in O 
I u — on dfl 



(1) 



where is an open and bounded subset of M" . Throughout this paper we assume 
that the n x n matrix A — X]i=o^ ^*Xf2» is defined on R" where f2^, . . . , are 
open subsets of fl with flat boundary (see definition II .2^ . := \ U^jf^fi* and 
A'-'s ioi i — 0, . . . , K are in the John-Nirenberg space BMO [17] of the functions of 
bounded mean oscillation with small BMO seminorms. 

This problem arises from the underground water flow through composite media 
with closely spaced interfacial boundaries, by which the coefficient matrix A has 
discontinuity across the boundaries of subdomains. There have been many results to 
prove C^'" regularity for a weak solution in [21], [21] and [2] by Y. Li, L. Nirenberg, 
M. Vogelius, F. Almgren and L. Wang. In this paper, I proved W^'^ regularity for 
Elliptic Dirichlet problem with singular coefficient matrix A under some necessary 
conditions. 

Definition 1.1. (Small BMO seminorm Assumption) We say that the matrix A 
of coefficients is {S, R) — vanishing in f2 if 



sup sup J-r^ [ \A{y) ~ AB^(x)nn\'^dy < S. 

<r<Rxm" V \-Or\ JB,.(x)nn 



0<r<fla;GR" V \-Or\ J B,.{x)nQ. 



Definition 1.2. (Reifenberg Flat Domain Assumption) We say that a domain Q, 
is {5, R)- Reifenberg flat if for every x G and every r g (0, i?], there exists or- 
thonormal coordinate system [yi, . . . ,yn) with origin at x so that in that coordinate 
system 

Brio) n {y,, > r6} C n, 
5,(0) n{y„ < -rS} C n'=. 
1 
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From this definition, we can see that if a domain 57 is {S, R) — Reifenberg flat, 
then for any x S 951 and every r g {0, R], there exists an (n — l)-dimensional plane 
Vix, r) such that 

-D[dnr\ Brix),V{x,r) n Br{x)] < 6, 
r 

where D denotes the Hausdorff distance; namely, 

D[A, B] = sup{dist(a, B) : a € A} + sup{dist(6. A) : b e B}. 

We will get W^'^ estimate for the classical weak solution of a divergence form elliptic 
equation ([T]). The following is the definition for a weak solution. 

Definition 1.3. Let 1 < p,q < oo, ^ + ^ = 1. Then a weak solution of (HI is a 
function u G W^'^{n) such that 

/ A\/u\/ipdx = ~ I f\/(pdx \fLp G Wo'\n). 
Jn Jn 

The following is the main result of this thesis. 

Theorem 1.4. Let p be a real number I < p < oo. Then there is a small 6 = 
S{A,p,n,R) > so that for all Q. = U^=^rj' where 57" := 57\ ugll* and n and 
disjoint subdomains 57' 's for i = 1,.. .,K are (d, R)- Reifenberg flat, for all A = 
A^XQi where A^ 's are {S, R) -vanishing in 57' and uniformly elliptic for i — 
0, . . . , K , and for all f with f e LP{fl, M"), the Dirichlet problem (QJ) has a unique 
weak solution with the estimate 



(2) / IVul^dx <C f \f\P 

Jn Jn 

where the constant C is independent of u and f . 



Let us just mention here that the constant C above does not depend on the distance 
between the subdomains, which allows the domains to touch each other. 

Before our work, in the parabolic case, Fred Almgren and Lihe Wang proved the 
C^'" estimates for heat flows across an interface under reasonable further assump- 
tion on j4 in [2]. If u is a weak solution of 



(3) 



B{x)ut = A\v{A{x)Vu) + divF in 57 
w = on 957 



where B{x) and A{x) have singularity along the Holder continuous boundaries 
of subdomains, they proved |Vm(x, s) — Vu(y, s)| < C\x — ?/|" and \Vu{y,s) — 
Vu{v,t)\<C\s~t\^. 

In the elliptic case, in [53], Y. Li and M. Vogelius considered an elliptic equation 
(4) div(AVw) + div(5) 

on a bounded domain D which has a finite number of disjoint subdomains Dm 
with C^'" boundary and allowed the matrix A to have discontinuity across the 
boundaries. They proved a C^'" regularity for the solution under reasonable Holder 
continuity assumptions on A, h and gi. Later in [23] . Y. Li and L. Nirenberg 
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extended the result in [24^ to general second order elliptic systems with piecewise 
smooth coefficients, which arises in elasticity. 

In chapter 2, we state preliminary notations, definitions and assumptions through- 
out this paper. Mathematical background and main tools are given in chapter 3. 
In the first section of chapter 4, we discuss the interior W^'^ regularity for a weak 
solution of ^ and in the second section, a global W^'^ regularity is derived. 



2. Definitions and Notations 
2.1. Geometric Notation. 

(1) A typical point in M" is a: = A typical point in R" x M is 

(2) Wl = {xe R"; Xn > 0} and R": = {a; e R"; a;„ < 0}. 

(3) Bp = {x e R" : l^l < r} is an open ball in R" centered at and ra- 
dius r > 0, Br{x) = Br + X, B+ = Brr\ {xn > 0}, B+ {x) = B+ + X, 
Tr ~ Br n {xn = 0}, and Tr{x) = Tr + X. 

(4) nr = nn Br, nr{x) = nr\ Br{x). 

(5) d^lr is the boundary of fir, dw^r — dV, n Br is the wiggled part of d^lr, 
and dc^lr = dflr\dw^r is the curved part of dflr- 

(6) 'Pf{y) is the [n — 1) dimensional plane which is translated hyperplane at 
y £ 951* by S along the normal direction toward 51*. 



2.2. Matrix of Coefficients. 

Definition 2.1. We say that A is uniformly elliptic if there exists a positive 
constant A such that 

A^^ICP < A(a;)C < A|CP a.e. a; e R",VC G R". 

(1) We write A — (aij) to mean an n x n matrix with the (i, j)-th entry a^. 

(2) \A\ = v/(A~4) = y^E::,=i4 and \\A\\^ = sup, \A{y)\. 
(3) 

A.^±-J^M^)dx 

is the average of A over fl. 

(4) A is supposed to be ^ = J2iLo^^^^^ where A^'s are assumed to be uni- 
formly elliptic and (5, R) — vanishing on 51* for any i = 0, . . . , K . 

(5) is. :=Etoi'n^Xa-. 
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2.3. Notation for Derivatives. 

(1) Vu = (wxij • • • , Ux^) is the gradient of u. 

(2) Multiindex Notation: 

(a) A vector of the form a = (ai, . . . , a„), where each component ai is a 
nonnegative integer, is called a multiindex of order 

|a| = ai + • • • + a„. 

(b) Given a multiindex a = (ai, . . . , a„), define 

D"uix) := — = ■ ■ ■ dx^'u. 

^ ' dx^^ ■ ■ ■ dxT " 

(3) 

n 

div(/) = YS^\x))x^ 

i=l 

is the divergence of / = (/^, . . . , /"). 

2.4. Notation for estimates. We employ the letter C to denote a universal con- 
stant usually depending on the dimension, ellipticity and the geometric quantities 
of 

2.5. Notation for Function and Function Spaces. 

(1) If / : f2 M", we write /(a;) = (/^(a;), . . . , /"(x)) for a; e f2. 
(2) 

is the average of / over il. 

(3) C'^iS^) = {u e C°°(0) : u has compact support in O}. 

(4) = {u : ||u||i,p(Q) < oo}, where ||u||i,j.(a) = \ii\^d'x^ for any 
1 < p < oo. 

(5) = {u : ||u||Lo=(a) < oo}, where ||tt||z,=>o(Q) = ess sup^ 

(6) Let u and v be two locally integrable functions. Then we say that v is the 
i*'* weak derivative of u if for any e Co°(n), 



\ u— — dx = — vipdx. 
Jn oxi Jq 



We denote by ^ the i*'* weak derivative of u. Then we say that u is in 
the space W^ '^{^) if u has weak derivatives ^ G and m e LJ'(f)). 

W^'f is a Banach space equiped with the norm 

(ll<^(a) + Ell^rMa))^ 

In the case = 2, = W^'"^ is a Hilbert space. We say u e Wq ^{Vl) if 
e T4^^'P(K"), where iJu is the 0-extension of u to K". 
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3. Preliminary tools and mathematical background 

In this chaper we recall standard facts from measure theory and functional analysis 
which will be needed in the sequel. We will present the proof for less familiar facts. 

3.1. The Hardy-Littlewood Maximal Function and Related Mathematical 
Background. 

Lemma 3.1. [3] Suppose that f is a nonnegative measurable function in a hounded 
domain O. Let 9 > Q and m, > I be constants. Then for < p < oo, 

feLP{n) iff S = ^m''P\{x e n : f{x)>9m''}\< oo 

k>l 

and 

^s<\\f\\l,^^^<ci\n\ + s), 

where C > is a constant depending only on 0, m and p. 

One of our main tools will be the Hardy-Littlcwood maximal function. The maximal 
function controls the local behavior of a function in an analytical way. 

Definition 3.2. For a locally integrable function / on R". Let 
(X/)(x)=sup— 1^ / \f{y)\dy 

be the Hardy-Littlewood maximal function of /. We also define 

Mnf = M{x^f) 

if / is not defined outside VI. 

The basic theorem for the Hardy-Littlewood maximal function is the following: 
Theorem 3.3. ^ We have 

(a) // / e L'P{W) with p>l, then 7W/ e iP(M"). Moreover, 

II-^/IIlp(R") < C'II/IIlp(R")- 

(b) If f e L\W'), then 

|{xeR":(X/)(a;)>A}|<^||/|Ui(K„). 

Here C depends only on p and the dimension n. (a) is called a strong p-p estimate 
and (6) is called a weak 1-1 estimate. This theorem says that the measure of 
{x : \Mf{x)\ > 6} decays roughly as the measure of {a; : > 5} does. Since the 

value of LP function at a particular point does not make good sense in a qualitative 
way even though the point is a Lebesgue point, we will employ the Hardy-Littlewood 
maximal function, which makes sense at a certain point. Let us also remark that the 
maximal funciton is invariant with respect to scaling. Hence |{a; : |A^/(a;)| > S}\ is 
more stable and geometric object. 
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3.2. Vitali Covering Lemma. Another main tool is the Vitah covering lemma: 

Lemma 3.4. [27^ Let E he a measurable set. Suppose that a class of halls Ba 
covers E: 

E(i\Jb^. 

a 

Suppose the radius of Ba is bounded from above. Then there exist disjoint {Baij^i 
{Ba\a such that 

E(l[jbBa,, 

i 

where bBa^ is the ball with five times the radius of Ba, and the same center. Con- 
sequently, we have 

|i?|<5"El^".l- 



For the discussion of interior W^'^ regularity, we will use the modified version of 
the Vitali covering lemma: 

Lemma 3.5. [28 Assume that C and D are measurable sets, C <Z D <Z Bi, and 
that there exists an e > Q, such that 

\C\<e\B^\, 

and for all x £ Bi and for all r G (0, 1] with \C D Br{x)\ > s\Br{x)\, 

Br(x)r\Bi C D. 

Then 

\C\ < 10''e\D\. 

We will use another version of the Vitali covering lemma for the global estimate on 
a ((5, 1)— Reinfenberg flat domain. 

Lemma 3.6. [3J Assume that C and D are measurable sets. C d D d CI with 51 
(6, 1)- Reifenberg fiat, and that there exists an e > such that 

(5) \C\<e\B^\ 

and for all x £ Bi and for all r G (0, 1] with \C D Br{x)\ > s\Bj.{x)\, 

(6) Br{x)r\ncD. 
Then 

\C\ < i^re\D\. 

Proof. From ([5]), there exists a small > such that 

(7) \C n BrAx)\ ^ e\BrAx)l \C n Brix)\ < e\Brix)\, Vre(r„l]. 

Since {CD Br^{x) : a; G C} is a covering of C with < 1, by the Vitali covering 
lemma, there exists a disjoint {C n B^ixi) : Xi G C}°^i such that 

(8) Cc\jB5rM), <5"^|5,^(:r.)l- 
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Then, by (O, we see that 

(9) I C n ^5.. (x, ) I < e I Bsr. {x^)\^ 5"£ (x, ) I = 5" I C n Br, ix,)\. 
Now we claim that 

(10) sup sup Jff^' <(-^r. 

To do this, choose any r £ (0, 1] and any x £ il. The case dist(a:;, dH.) > r follows 
form the fact Br{x) C ft. So suppose that dist(a;,9il) < r. Then there exists a 
y £ Oil so that 

(11) dist(x, dfl) = dist(a;, y) < r. 

Since i9f2 is ((5, 1)-Reifenberg flat, without loss of generality we may assume 

Brix) n {xn > S} C Br{x) n 17 C Br{x) C] {x„ > -5} 

in some appropriate coordinate system in which y = 0. then from the geometry and 
an easy computation, we see that 

\Br{x)\ ^ \Br{x)\ ^ 2 



\Br{x)r\n\ - \Br{x)r\{xn >5}\-^i-5' ' 

which shows PH)) . 

Finally, by ©, (0), and dTUl), we get 

Id = \[j{B,rAx^)f^C)\ 

i 

i 

< e^\B5rAxi)\ 

i 

= 5"£^|i?,.(a:,)| 

i 

< 5"e(^)"^|i3..(xOnl7| 

i 

= ei^j^\\J{BrM)nn)\ 

< e{^J^\D\, 

which completes the proof. □ 



4. Regularity for Elliptic Equations 

4.1. Interior Estimates. In this section we investigate the interior W^'^ estimates 
for a solution of 

(12) - div{A{x)Vu) = div/ in fl. 

Our assumption is that fl is bounded open set in M" and the coefflcient matrix 
A — J^^^Zq A^Xfi^ is defined on R" where fJ^, . . . , H.^ are open subsets of fl with 
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flat boundary (see definition [L2|). \ U^=f fi' and A"s for i = 0, . . . , -ftT are 

uniformly elliptic and also {6, i?)- vanishing on with small BMO seminorms for 
i = 0,...,K. 

W^'P estimate without discontinuity in A was done by S. Byun and L. Wang in 
[3]. Here we consider the case that A has discontinuity along the boundary of 
subdomains i7"s in i7 for z = 1, . . . , i^. 

The main result of this section is the following: 

Theorem 4.1. There is a constant Ni so that for any e > 0, there exists a small 
5 = 6{e) > such that for all f e L^{B4;W) and for all A = E^lf ^'Xo» 
where A^ 's are uniformly elliptic and (S, 4:)-vanishing for i ~ 0, . . . , Kand £7* 's for 
i — 1, . . . , K and 51 are (S, 9) -flat, if u is a weak solution of ~div(AVit) = div/ in 
n Z) and if 

\{xen: M{\Vu\^){x) > N^} n Br\ > e\Br\ for all r e (0, 1], 

then 

BrC{xen: Mi\Vu\^){x) >l}U{xen: M{\f\^)ix) > 6^}. 
Definition 4.2. We say that u G H^{Br) {R > 0) is a weak solution of dH]) if 

/ AVuVipdx = - fVipdx for ^ip e H^{Br). 

J Bb. J Br 

Lemma 4.3. i Assume that u is a weak solution of US\) in i?2- Then 

(13) / Lp^\\/u\'^dx <C{( ip^\f\^dx+ [ \\7ip\^\u\^dx) for any ip e {B2) . 



We want to control the gradient of the weak solution of (|12p using the gradient of 
the weak solution of the related homogenous equation. The following lemma shows 
that one can bound the gradient of homogenous solution by L^-norm. 

Lemma 4.4. If v is a weak solution of div(AVw(a;)) = in Bi for a piecewise 
constant matrix A = A'^XBin{x„>a} + ^°XBin{a;„<a} for any a G (-1, 1), then 

||Vz;|U»(BO <C||«||l^(b,)- 

Proof First assume a = 0. Let D'lv{x) =^l±±hS±M^^ for /i > 0, i = 1, . . . , n - 1. 
Since the jump of the coefficient matrix A occurs across {x„ — 0}, 

div{AVD'lv{x)) = 

for sufficiently small h > 0. Also 



(14) 



/ \VD^v{x)\'^dx<C ( \D^v{x)\'^dx 

Jbi.i JBi^i.i 



(15) < C / \Vv{x)\^dx 



1+1 + i+_ 

2 ^ 4 ^ S ^ ] 

|2, 



(16) < C / \v{x)\''dx 

Jbi 

for < ft. < Here we used the Lemma [4.31 for the first and the third inequality. 
So S H^^Ba) for i = l,...,n — 1. Similarly, we can apply this method to Vxi, 
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i.e. using DjVx^ix) for i, j = 1, . . . , n — 1. So Vx^x^ G H^{Bi^i) for i ~ 1, . . . , n — 1. 
Let S — [^]+ 3. For any tangential vector a = {ai, . . . , a„_i, 0) such that \a\ < S, 
we can iterate |a| times and get 

D^vix) e H\Bi, 1 ). 

Since div(j4VD"i'(a;)) = 0, we can use the De Giorgi-Nash theorem to say that 
D°^v is Holder continuous. So there is a constant C such that 

(17) p%|U^(B, , ) <CP"«||l2(b,^ , ) 

(18) < C||i;|U2(s,). 

Now consider the vertical direction. Define 

g(a;i,a;2,...,x„) := u(a;i,...,a;„_i,0) in i . 

2"^2S + l 

We can see that gx^ — and also by (fT7|) . 

D"g = D'^v(^H^{B+^ , ) 

2 + 2i' + l 

l|i^"<?llL~(B,^ 1 ) = , ) < C|lz;|U2(s,) 

for a = («!, . . . , a„_i, 0) such that |q!| < S*. Let 

w(a;i, . . . ,a;„) := . . . ,a:„) - g(a;i, . . . ,x„). 

Note that v e H^{Bt, i ) and wU„=o = 0. Since div(AV(w + g)) = 0, 

2 + 2S+1 

div(AV{i) = -div(iVg) 

J=l J=l 

n—1 n— 1 

= - E(E ^ i/^-^(i?t) = i?[^i+i(i?t) 

2 2 

Furthermore, by Theorem 5 in Section 6.3 and the Trace Theorem, see Section 5.5 
in [TT], also by Lemma [4.31 

(19) \Mhs-1{B + } ^ C'(II«IIl2(Bi) + Ml^Bi)) < C\\v\\L2(^B^), 

We can combine ([T^ and Sobolev inequality to get 

||w||pS-[fl-2.^(^ + ) < C\\v\\jjs-i(^B+) ^ C\Ml^Bi)- 

Thus V is C^'''' Holder continuous. Finally we can say that |Vw| is bounded in Bt- 

2 

Similarly |Vw| is also bounded in _B7. So |Vw| — |Vw — Vg| is bounded in Bi. 

2 2 

Thus 

(20) ||V«|U»(so <C|klU2(B,)- 

Assume |a| > |. Then A has no discontinuity in Ba. So there is a constant C such 
that 

(21) I1VH1l»(bo < C|li;|U2(B3) < C||^;|U2(B,). 
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Assume < |a| < |. Say L := {x e M" : a;„ = a}. 

For any x G Bs n L, Bi{x) C -Bi. By above case for a = 0, there exists a constant 
C such that 

(22) llVt;||ioo({^gB^,dist(^,L)<i}) < sup ||Vw|1l^(Si(^)) 

(23) <C\\v\\L2^B,i.))<C\\vh2^B^)- 

For any x E {x E Bi : dist(a;, L) > |}, (a;) C Bi and ^ has no discontinuity in 
Bi(x). So there exists a constant C such that 

8 ^ ' 

(24) sup ||Vw||i=o(s 1 (j;)) < C|jw||i,2(B^(^)) < C||w||L2(i3i)- 

By taking the maximum C in ([201), dH]), ([lH) and (HH), we are done. □ 

Lemma 4.5. For any e > 0, there is a small S = (5(e) > such that for any weak 
solution u of in B2 where for any l,m = . . . K and any |a| < 2 , 

(25) B2 n {xn > a + 5} C ^2 B2 n {xn > a - S} 

(26) B2r\{xn < a - 6} a fl'^' C S2 n {xn <a + S} 
and 

(27) / iVupdx < 1, 

\B2\ Jb2 

(28) ^ / i\f\' + \A-ABj')dx<6\ 
I ^2 1 Jb2 

where = ^*f2» Xr2» i there exists a piecewise constant matrix A'' B2 ^.s A^ B2 — 
^'f2(jX-B2n{2;„>a} + ^"'r2j'XS2n{a:„<a} and for a corresponding weak solution v of 

(29) - div(if'i3,Vw) = m S2 

\u — vfdx < e^. 

B2 

Proof. If not, there exists eo > 0,{Afc} {Lilo ^feXf2'-4> {/fc}, {^^2''} and 
{(r2™''^)2} for some l,m = . . . K and some |a| < 2 such that Ufc is a weak solution 
of 

(30) - diY{AkVuk) = div/fe in B2 
with 

-82 n > a + -} C (f2'''')2 C B2 n {a;„ > a - -} 
B2 n {x„ < a - i} C (1^™^'=)2 C B2 n {x„ < a + ^} 

but 

(31) / |ufe-Wfepda::>eg 

JB2 
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for any weak solution Vk of 

(32) -div(i^^^Vffc) = in B2 
where i^^^ ^ ^i(ni.*=),XS2n{x„>a} +W in^->'),XB2n{x„<a}- 

By ((27)) . {uk — tifcSaifc^i bounded in H^{B2), and so {uk — MfcSal '^^^ ^ subse- 
quence, which wc denote as {uk — Uk}, such that 

(33) Uk~Uk~^UQ in ff^(i?2), Uk-Uk-^uo in i^(i?2)- 
Since ^^^^ is bounded in there is a subsequence {A^} such that 

(34) ||i|-Ao||oo^O as fc^oo, 

for some piecewise constant matrix A^. Since yl^ — AkB2 ^ ^ in L^{B2) and 
ifeB, - Afc ^ in Thus Ak ^ in L2(S2). 

Next we will show that uo is a weak solution of 

(35) - div(AoVuo) = in B2 
To do this, fix any Lp e H^{B2). Then by (l30t . 

(36) / Ak'^UkVipdx = fkV(pdx. 

J 3-2 J B2 

Since Vwfc ^ Vuo and Ak — >■ in L^(i?2), A^Vufe ^ AqVuo in L^{B2)- Then 
by letting fc — ^ 00, 



(37) / AoVuoVipdx = 0. 

This shows ([35]). Note that 

-div(i^VMo) = -div((i^ - Ao)Vwo) - dW{AoWuo) 
= -div((i^, - Ao)Vuo) 
in _B2- Let /ifc be the weak solution of 



(38) 



-div(4V/ife) = div((4. - Ao)Vuo) in B2 
hk — on dB2 



Then uq — hk is a weak solution of 

(39) div((i^V(Mo - hk)) =0 in B2 

Furthermore, by (pS)) . 



||/lfe||L2(B,) < C||V/lfc||L2(B,) < - Ao)Wuo\\Lm 

<C\\iAi-Ao)\\L^\\VuoU2iB2) 

<q|(4-Ao)|U^(B.). 
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So now 

\\uk - (uq + Uk- hk)\\L2(B2) < \\uk - Uk- Uo||l2(b2) + \\hk\\L2(B2) 

< \\uk - Uk - uo||l2(B2) + C\\{Al - Ao)||l~(B2)- 

This estimate, ([55)1 and imply that 

||wfe - (uo + Ufe - /ifc)llL2(B2) as -J> oo. 
But this is a contradiction to (1311) by (p8)) . 



□ 

Corollary 4.6. For any e > 0, f/iere is a small S = (5(e) > such that for any 
weak solution u of il2\) in B2 where for any l,m ~ . . . K and any \a\ < 2 , 

(40) B2 n {xn > a + 6} c C B2 n {x^ > a-S} 



(41) B2 n {xn < a- 6} cn^' C B2n{xn < a + 6} 
and 

(42) / iVupdx < 1, 

Jb2 

(43) j^J^{\f\' + \A-AB2\')dx<6\ 

where Ab2 — ^*r2» Xsi» i i/iere exists a piecewise constant matrix A'' B2 ^.s A'^ B2 = 
^'nJ,XB2n{2;„>a} + ^'"nj'XS2n{x„<a} and for a corresponding weak solution v of 

(44) - div(i&B2Vw) = OT B2 
SMc/i that 

\V{u - w)pda; < 



Proof. By the Lemma f4.5[ for any 77 > 0, there exists 5 = 5{rj) > 0, a piecewise 
constant matrix A^B2 = ^'o^XS2n{x„>a} + A"^a^XB2n{x„<a} and a corresponding 
weak solution v of — div(A^S2V^) = in B2 such that 



First we see that u — v £ H^{B2) is a weak solution of 

(45) -div(AV(u-'y)) =div(/ + (A-i''sjVw) in B2 



ELLIPTIC EQUATIONS WITH SINGULAR BMO COEFFICIENTS IN REIFENBERG DOMAINS 



Now, by (HSl), 
(46) 

|V(w - v)|2 < C7( / \f + iA~ i^sjVwp + \u- f pdx) 



3 



(47) <C{f \f\^dx+ I \{A- AbB^)Vv\'^dx+ f \u~v\'^dx) 

(48) <C{f \f\^+ [ \A~A'>B,\^dx+ f \u-v\^dx) 

J B'2 J -B2 <J B2 

Here we used the fact that v is Upschitz, which we showed in Lemma 1131 and (|42|) . 

Also, 

(49) / l/p + \A- A^B. ^'dx < 2 / (|/|2 + \A- Ab, ?) + lis, - i^s, ? 

J B2 B2 

(50) <2{\B2\5^ + CiA)6) 

(51) < C(5 for a small S. 

So ||V(u — w)||^2(B2) — C'(5 + ?7^) = by taking 77 and 5 satisfying the last identity. 
This completes our proof. □ 

We can control the measure of the set where |Vm| is quite big as the following 
lemma. 

Lemma 4.7. (cf. [3]^ There is a constant Ni > so that for any e > 0, there 
exists a small S — 6{s) > such that for all A with A ~ X]j=o^*^f^*' where 
's are uniformly elliptic and {S, A) -vanishing on for i — 0...K and for any 
l,m — . . . K and any \a\ < 4 in appropriate coordinate system 

(52) B4 n {xn > a + 6} C fl[ C B4 n {xn > a - 6} 

(53) B4 n {a;„ < a - (5} C f^" C B4 n {a;„ < a + S}, 
and if u is a weak solution of — div(ylVu) = div/ in Q Z) B^^ and if 

(54) {xeBi: 7W(|Vu|2) < 1} n {x e Bi : M{\ff) < 5^} ^ ^, 
then 

(55) \{x<=,VL: M{\\Iu\^){x) > iVf } n Bi| < e\Bi\. 

Proof. By ([5l)) . there is a point xq e Bi such that for all r > 0, 

(56) ^ / \Vu\'dx < 1, -L /■ |/|2rf^ < 52^ 



Since -82(0) C Bj,{xo), we have by ([5! 



Similarly, we see that 

(58) |Vupdx<(^)". 
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In view of ()57|) and (|58|) . and from the assumption on A, we can apply Corollary 
14.61 with u replaced by and / replaced by respectively, to find that for 

any ?7 > 0, there exists a small 5{ri) and a corresponding weak solution v of 

(59) -div(i''B,Vu) =0 

in B2 such that 



(60) / |V(w- w)pda; < 



provided that 

(61) ^ / {\f? + \A-AB^'')dx<5\ 

\t>2\ Jb2 

By the interior W^'°° regularity that we proved in Lemma [4.4[ we can find a constant 
No such that 

(62) ||V^;|U»(B3) <^o. 

2 

Now we will show that 

(63) {xeBi: M\Vu\^ > N^} C {x e Bi : A^b, |V(u - u)p > N^} 
for := max{5",4A'^^}. To do this, suppose that 

(64) xie{xeBi: MbA\^{u ~ v)\f{x) < N^}. 
For r < i, Br{xi) C Bs, and by dHU and dH]), we have 

(65) / \Vu\^dx [ i\Viu - v)\' + \Vv\') < ml 

5 

For > |, Br{xi) C B<^r{xo), and by (1551) . we have 

1 /■ 5" /■ 

(66) ^ / iVupdx < -— / iVupdx < 5-. 

I-Orl JBr.{xi) |-D5r| JB^^(xo)r\n 

Then dSSD and jng) show 

(67) xi e {a; e Si : X(|Vu|)2 < TVfi^ 

Thus assertion ((521) follows from ([M]) and (1571) . 
By weak 1-1 estimates and (pO)) . we obtain 

|{x e : X(|Vw|)2 > iV^II < \{xeB^:MB.A\'^{u-v)\f > Nl}\ 

|V(u-«)pdx 

by taking small 77 satisfying the last identity above. Now Corollary 14.61 gives the 
desired S. □ 
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Corollary 4.8. There is a constant Ni > so that for any e,r G (0,1], there 
exists a small S — 6{s) > such that for all A with A ~ X]i=o^*Xr2>, where 
j4* 's are uniformly elliptic and {S, A) -vanishing on il^ for i — 0.. .K and for any 
l,m — . . . K and any \a\ < 4r in appropriate coordinate system 

(68) Bir n{x„> a + 6r} C C B^r D {x„ > a - 6r} 

(69) B^r n {xn < a~Sr} C il"^ C B^r n {xn < a + Sr} 
and if u is a weak solution of —drv(AVu) = div/ in Q Z) B^r o,nd if 

(70) {x e Br : XdVup) < I) r\ {x Br : M{\f\^) < S'^} ^ 0, 
then 

(71) \{x£n: Mi\Vu\^){x) > N'^} n Br\ < e\Br\. 

Proof. The proof is given by Lemma l4.7l and a scaling argument. □ 



To use the modified vitah covering lemma, we need to show Theorem 14.11 holds for 
any ball Br{x) for r S (0, 1] and x £ fl. If Br{x) intersects with only one subdomain 
ri' then the proof of Theorem 14.11 comes directly from Lemma 14.81 for I = m. If 
Br{x) intersects with two subdomains 51' and il", then the proof of Theorem 14.11 
also comes directly from Lemma 14.81 for m — Q. 



Then next natural question would be how many subdomains can intersect with 
Br{x) for r G (0, 1] and x £ Vl when 9ri"s are flat enough. Next lemma will be 
used to show that a ball can intersect with at most three subdomains. 

Lemma 4.9. Hi 's for i — 1, . . . , K are half spaces. If {Hi D B2}i are disjoint. 
Then at most two half spaces can intersect with Bi. 

Proof. Assume there are three half spaces, say Hi, H2 and H3 such that B2 n Hi's 
are disjoint and HiO Bi 7^ for i — 1,2, 3. Let pi G HiH Bi for i = 1,2,3.. Note 
that since half spaces are disjoint in B2 these points are not coUinear. Let T be 
the two dimensional plane containing pi,p2,P3. For j — 1,2 let Vj = T D Bj which 
are indeed two dimensional balls. Let rj = radius oiVj for j — 1,2. Note that 
7-2 > 2ri. 

Let h, := T n Hi and Tn dHi = dh,. We have 

(1) p^ e hnVi for i^ 1,2,3 

(2) hi n 2?2's are disjoint for i — 1,2, 3. 

Pushing li's into hi by Si > 0, we may assume that h's are tangent to the Vi and 
Pi € dVi for i = 1,2,3. Let also Ai and Bi be the points where k intersects (?I?2 

for i = 1, 2, 3. Let h, n dD2 =A,Bi. 

Note that AiBi for i = 1,2,3. are disjoint on dD2. Since r2 > 2ri and k's are 
tangent to Di, 

(70\ length of A,B, 1 f ■ 1 o o 

-j ^T, ran - Q' for 1 = 1,2,3. 

length of aD2 3 
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The above is a strict inequality if r2 > 2ri , which is a contradiction to the fact that 

AiBiS are disjoint on dD2. If ^2 — 2ri, ((72)) is an equahty. In this case li's end 
points meet each other. So we cannot push li outward from hi which means Si — 
fori = 1,2,3. □ 



So now we consider the case that a ball intersect with three subdomains il', il^ and 
17™ for any l,m = 1 . . .K. To prove Theorem 14. II for this case, our goal is to show 
Lemma 14.71 holds for this case as well. Roughly there can be two different cases; 
The first case is when fi' and f2™ are quite close and the second case is when $7' 
and il™ are not so close. 

Lemma 4.10. There exists a constant Ni > so that for any e > 0, there exists 
a small S = 6{e) > and for all Q Z) B4 and subdomain f2' for all i — 1, . . . , K and 
n are (6,9) -fiat and for all A where A' 's are uniformly elliptic and ((5,9) vanishing 
on r2*, and if u is a weak solution of — div(AVM) = div/ in D, Z) and if 

(73) {x e Bi : XdVup) < 1} n {x e Bi : M{\f\^) < S^} ^ 0, 
then 

(74) \{x€n: M{\Vuf){x) > N^} n Bi\ < s\Bi\. 



Proof. If i?4 intersects with two subdomains, then we are done by Lemma 14.71 

Suppose B4 intersects with three subdomains, say and First assume 

that dist(rj',17'") < 7 in Bi for some small 7 > 0. Since dist(r2', 17") < 7 in Bi, 
there exist pi G dil^ D Bi and Pm G d^"^ n Bi such that A\si{pi,pm) < 7- Also 
assume that fi', il™ are {6, 9)-Reifenberg flat for a 5 with 7 < 5 << 1. So for each 
Pi, i = l,m, there exist (n — 1) dimensional hyper plane Vi such that 

(75) D[dVe n Bg{p,),r^ n Bq{p,)] < 96, for i^l,m 

where D denotes the Hausdorff distance. In other words, the boundary of il* is 
squeezed between Vi and Vf^ which is the translation of Vi by 96 in the normal 
direction of Vi inward $7' for i = l,m. We can choose a coordinate system such 
that the normal direction of Vf^ is the Let us say yi is the intersection 

point between Vf^ and vertical line of Vf^ passing through pi ior i = l,m. Then 
the distance between y^ and Vf^ is less than 7 + 18(5 < 196 by ([75]) . Since Vf^ fl 
Vf^ nB^^9, on V^ 

.dxn. 7 + 18(5 19(5 _ , . 1 J • 1 

I — 1<^^-— ^<^-^<7(5 forany7<^«l, and^ = l,...n-l. 

So maXy^-pospiBi dist(j/, Vf^ n B4) < C6 + 7 where C depends on the dimension n. 

The above is nothing but harnack inequality. Since distance function between Vf^ 

and Vf-^ in B4 is nonncgative harmonic, we can apply Harnack Inequality. 

(76) 

max dist{Vf\y) < Ci min dist(7'f^ y) < Cdist{yi,y,n) = C{19S + 7) 



where C depends on the dimension n. 
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Since the Hausdorff distance between Vf^ ,Vm is less than C((5 + 7), we can choose 
smah So and 70 such that C{6q +70) is less than S in Lemma [4.71 By Lemma 14771 
we can conclude. 

Now suppose dist(9il', 917™) > 70 in Bi for above 70. It y £ Si — {x & Bi\ x G 
9il'n9il"' }, then B^„{y) has only two subdomains. From ([73]), there exists Xq S Bi 
such that 

X(|Vun(a;o)<l and M{\f\''){xo) < 5\ 
For any y g 5*1, by weak 1-1 estimate in Theorem 13.31 

\{x e B2o{y) : Mi\Vuf)ix) > Xi}\ <^ [ \\7u\^dx 

< £|B2(xo)| < l\B2^{y)\ 

when Ai > ■ Similarly for this Ai, 

\{x e S^(y) : M{\ff){x) > S'Xi}\ <^ f \f\'dx 

<^^\B2{x,)\<\\B._^{y)\. 

From above two inequalities, one can find a. Xy <E Bjo. {y) such that 
M{\\7u\^){xy) < Ai and M{\f\^){xy) < 6^X1. 

By Lemma l4!8l there is a constant A^i so that for any e > 

(77) \{x e n : Mi\\'u\^){x) > XiNf} n By^{y)\ < e\B2R{y)\. 

liy e 82 = {x e Bi\ mm,=i,^ dist(a;,ai70 > 4^ B^{y) C for i = 0,l,m. 
Similarly as above, there is a Xj, g Btq. (y) such that 

Mi\Vu\^){xy) <X2 and Mi\f\^){xy) < 6^X2. 
when A2 > C'2-'"+^5" ^ g Lemma 14.81 there is a constant iVi so that for any e > 

To 

(78) \{x e n : M{\Vu\'){x) > X2N^}nBM{y)\ < e\B.^{y)\. 

SoU = {Br{y)\ r=^,yeSi}U {BAy)\ r = 5^,2/ £ ^2 } covers B^. Then by 
Vitali Covering Lemma, there exist disjoint balls {Bri{yi)}°Zi C U C B2 such that 
Bi C UiB5r,{yi). Let Ni to be ma.x{^Ni, y^Ni). Then by dTT]) and dTS]), 
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\{xen: M{\\/u\^){x) > Nf} n Bi\ 

< ^ |{.T e : M{\Vu\^)ix) > Ni} n B^rM)\ 



<e5"\B2\ < £(10)"|Bi|. 



Since fi^'s for i = 0,...,n are ((5, 9)-flat, B4 does not intersect more than three 
subdomains. To see that, assume that B4 intersects with , ft^ , ft^ , ft'^ . For any 
Pi e dil^ n B4, for i = 1,2, 3, there exists a hyperplane Vi such that dft^ D Bg is 
between Vi and Vf^ where Vf^ is translation of Vi into $7* in the normal direction 
by 96 since r2*'s for i = 0, . . . , n are (5, 9)-flat. Then for any 6 < jg, on the plane 
T containing Pi,P2tP3i Hi for i = 1, 2, 3 intersect with Bq but they are disjoint in 
Bg, which is a contradiction to Lemma 14.91 



The proof of Theorem 14.11 The proof follows from Lemma 14.101 and scaling 
argument. 

The following is an interior regularity theorem. 

Theorem 4.11. Let p be a real number with 1 < p < 00. There is a small 
6 = 6{X,p,n,R) so that for all O = uf^^n' where 17° := 17 \ uf^^Q' and 17* 's for 
i = 1, . . . ,K and 17 are {6, 9) -flat and A = Y^^iZf) ^*Xf2» where Ai 's are uniformly 
elliptic and (6,9) -vanishing on 12* and for all f G L^(i?4;R") , if u is a weak 
solution of the elliptic PDE fip in B4, then u belong to W^'P{Bi) with the estimate 

||Vu||lp(Si) < C(||u||lp(b,) + 
where the constant C is independent of u and f. 

Proof. The proof follows from the global regularity theory in the next section with 
u replaced by 4'U for an appropriately chosen cutoff function (j). □ 

Remark 4.12. We can change the ball B4 in Theorem 14.111 to any ball Bj^ for 
i?> 1. 

4.2. Global Estimates. 

Definition 4.13. We say that u e i?o(17) is a weak solution of U) if 



□ 



(79) 




In this section our interest is the following case. 



with D{nji,Tji) smaU, 



where D denotes the Hausdorff distance. We consider weak solution of 
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-dW{A{x)\/u{x)) = div/ in iln 
u = on 9ujfi_R, 



Here the n x n coefficient matrix A is A = X]i=o^ ^*Xa» where ilP := il\ U^^J^il* 
and A*'s for i = 0, ■ ■ ■ , K are in the John-Nirenberg space BMO [T7] of the func- 
tions of bounded mean oscihation with smah BMO seminorms and ft and f2"s are 
Reifenberg flat domains for i = 1 . . . K. 

Definition 4.14. u e H^{flji) is a weak solution of ([80|) in flu if 

/ AVuVipdx = — / fVipdx for any e i/o(f^fl) 
and u's 0-extension is in H^{Bfj). 

In {[2]) I the following Lemmas were proven for A without discontinuity. 

Lemma 4.15. [Sj There is a eonstant Ni > so that for any e > 0, there exists a 
small 5 = 6{e) > with A uniformly elliptic and (5, 4) -vanishing, and if u ^ Hq(JI) 
is a weak solution of Ii80\) with C 1^4 C -B4 H {x„ > —5} and 

(81) {x e 111 : X(|Vup) < 1} n e f7i : X(|/n < (^2} ^ 0, 

then 

(82) |{x e 11 : X(|Vwn(x) > Nl) n Bi| < e|Bi|. 

Corollary 4.16. [3] There is a constant Ni > so t/iat for any e,r > 0, there 
exists a small S = S{e) > with A uniformly elliptic and {5, Ar)- vanishing, and if 
u S iJg(ri) is a weak solution of liSO^) with B^. C ^l^r C B^r H {xn > —Sr} and 

(83) {xefir-. M{\\7u\^) <i}n{xe a- : < S^} ^ 0, 

(84) \{xen: M{\Wu\^){x) > Nf} D Br\ < e\Br\. 

Now we consider how to control the measure of the set where |Vm| is big for the 
case that A has big discontinuity along the subdomains. 

Lemma 4.17. There is a constant Ni > so that for any e > 0, there exists a 
small S = (5(e) > with Ai's are uniformly elliptic and (6, 9) -vanishing on for 
i — . . . K and fl and fl^ 's are {S, 9)-flat for i — 1 . . . K , and if u & Hq{^1) is a 
weak solution of \80jl with B^ C C -B4 H {x^ > —4(5} and 

(85) {xefli: M{\\7uf) < 1} n {x e : Mi\ff) < S^} ^ 
then 

(86) \{x€n: M{\Vu\^){x) > N^} n Bi\ < e\Bi\. 

Proof. If B4 intersects with only fl'^, then this lemma is nothing but what Lemma 
14.151 says. Note that B4 cannot intersect with more than two subdomains by the 
same argument in the proof of Lemma 14.101 (considering $7'^ as {5, 9)-flat for any 
sufhciently small 5). Assume that B4 intersects with fi" and for any I = 1 . . . K. 



20 



KO WOON UM 



First suppose disi{dil'' , dft) < 7 in B4 for some 7 > 0. Then there exist pi E 
dfl'' n B4 and p e dfl n B4 such that dist(p,p/) < 7. Since are ((5, 9)-flat, 
Vf^ipi) n ^4 C fi' where Vf{pi) is the (n — 1) dimensional plane which is translated 
hyperplane at pi by 5 along the normal direction toward . Let us say yi is the 
intersection point between Vf^ and vertical line of Vf^ passing through pi. Then 
the dist(yi, {x € B4 : x„ = -A5}) < 9^ + 7 + 4^ = 13(5 + 7. Note that VfnBi C 17'. 
Since distance function between Vf^ n B4 and {x € i?4 : a;„ = —4(5} is nonnegative 
harmonic, we can apply Harnack Inequality. 

max dist(y, {x G B4 : Xn — —4(5}) 

< C min dist(i/, {x £ B4 : Xn = —4(5}) 

< Cdist(y;, {x e B4: Xn = -4(5}) 
= C(13J + 7) 

where C depends on the dimension n. One can choose small 70 and Sq so that 
C(135o + 70) < (5 for (5 in Lemma [4. 151 We conclude by Lemma [4. 151 

Now suppose dist(9r2', 9r2) > 70 in B4 for the 70 above. For any y £ Si = {x G 
Bi \ X & dV,^ }, B^g{y) has two subdomains and Bjg{y) n = 0. From (|85| . there 
exists a;o G such that 

M{\Vu\^){xo)<l and A^(|/|')(a;o) < 

As we showed in the proof of Lemma 14.101 there is a constant A^i so that for any 
£ > 0, there exists (5 > so that 



(87) \{x e : M{\Vu\^){x) > XiNf} n BM{y)\ < e\B2o{y)\. 

4 4 

where Ai > '^^^l'^' . Also for any y e S2 = {x e BA x e d^l }, B+ C Q° C 
Bjg n {xn > -70(5} in appropriate coordinate system. By applying Corollary 14. 16[ 
there is a constant A^i so that for any e > 0, there exists (5 > so that 



(88) \{x£ n : M(\\7u\^)(x) > XiN?} n Byoiy)] < elBjoiy)]- 

4 4 

For any y eT ^ {x e Bi\ min(dist(a;, 90'), dist(a;, 51])) > 4^ }, B^{y) C fl' for 
i = 0,1. Then by Lemma [4.71 there is a constant Ni so that for any e > 0, there 
exists 5 > so that 



(89) \{xen: M{\\/u\^){x) > AaiV^} n (y)| < s\Bm (y)| 

where A2 > C'2""+^5" ^ 
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Since S C U {Br{y)\ r < j^,y e S1US2 }U{B,(y)| r < e T },by Vitali 

Covering Lemma, there are disjoint set {i?ri C U C B2 s.t. Bi C ^iB^rAVi) 

\{x e VL ■.M[\\Iu\^){x) > N^} n Bi\ 

i 

<e^|i?5.,(2/.)l <e5"^|i?..(y,)l 

i i 
<£5"|B2| < £(10)"|Bi|. 

Here we used dS?]), ([HHl) and ([Ml)- □ 

Corollary 4.18. There is a constant Ni > so that for any e > 0, there exists 
a small S = 6{e) > with Ai 's are uniformly elliptic and (6, 9) -vanishing on fl' for 
i — ... A' and il and ft^ 's are {S, 9) -flat for i = 1 . . . K , and if u G i?Q (fi) is a 
weak solution of i80\) with B^^ C i^ir C i?4r H {xn > —ASr} and 

(90) {xenr-. 7W(|Vu|2) <ijri{xenr: M{\ff) < 5^} ^ 
then 

(91) \{xC,VL: M{\\Iu\^){x) > N^} n Br\ < s\Br\. 

Proof. Then proof is given by Lemma [4. 171 and scaling argument. □ 

The fohowing lemma shows that same result of Lemma 14.171 holds for any ball 
intersecting with f2. 

Lemma 4.19. There is a constant Ni > .so that for any £ > and < r < 1, 
there exists a small 5 = d{e) > for all 57 — uf^Qil* where :~ ft\ufLift^ 
and rt and disjoint subdomains ff^ 's for i ~ 1, . . . , iiT are (5, 45) -flat and for any 
A = A'^xq^ where Ai's are uniformly elliptic and {6,45) -vanishing on 

and if u IE Hl{Vl) is the weak solution of — div(AVM) — div/ in ft D B4r and if the 
following property holds: 

(92) {xenr- M{\Wu\^) < 1} n {x e : M{\f\^) < S^} ^ 0, 

then 

(93) \{x£n: Mi\Vu\^){x) > N^} n Br\ < e\Br\. 

Proof. If i?4r n dfl = 0, then by an interior estimate 14.11 we can conclude. Assume 
that B^r n (90 7^ 0. Note that Br C B^riy) for some y e dD,. By ([HH), there exists 
xo e Br C B^riy) such that M{\Vu\'^){xo) < 1 and 7W(|/p)(a;o) < S'^. Since Q is 
((5, 45)-Reifenberg flat, we have, in appropriate coordinate system, 

C Oaor C Saor n {xn > -20Sr}. 
Here we use the corollarv l4.18l to the ball B^riy) with e replaced by Then 
\{xen: M{\Vu\^){x) > N^} n Br\ < \{x e n : Mi\Vu\^){x) > N^} f] B5r(2/)| 

< ^\B,r\ = e\Br\. 

□ 
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Corollary 4.20. (cf.[3 ) Suppose thatu G HQ{il) is the weak solution o/— div(y4Vw) = 
div/ in n. Assume fl = U^qQ' where := \ U^^rj' and 's for i ^ 1, . . . , K 
and Q are {6,'i5)-flat and A — X]i=o^^'Xf2> where Ai's are uniformly elliptic and 
{S, 45) -vanishing in il*. Assume that 

(94) \{x£n:Mi\Vuf)>N^}\<e\Bi\. 
Let k be a positive integer and set £i = ( j^)"e. Then we have 
(95) 

\{x e n : M{\\/u\^) > N^''}\ 

k 

(96) < J2e\\{x e n : M{\f\^) > S^N^^'"'^\ + e'^\{x e n : M{\Vu\f{x) > 

i=l 

Proof. We prove by induction on k. For the case fc = 1, set 
C = {x^n: M{\Vu\'^){x) > N^} 

and 

D = {x€n: X(|/n(x) > 5^} U {x € n : Mi\\/u\'^){x) > 1}. 

Since is (5, 45)-Reifenberg flat, ft is {5, 1)-Reifenberg flat. Then in view of (l94l) . 
Lemma [4.191 and Theorem 13. 6[ we see |C| < ei]!?!, and so our conclusion is valid 
for fc = 1. 

Assume that the conclusion is valid for some positive integer k > 2. Set ui — u/Ni 
and corresponding /i = f /Ni. Then ui is the weak solution of 




— div(ylVMi) = div/i in f2 
wi = on dil 



and the following inequality holds: 

\{x£n: X(|Vui|2)(x) > A^i^ii < 

By the induction assumption and from a simple calculation, we deduce the following 
estimates: 

\{x e n : M{\Wuf){x) >iVf''=+')}| 
= \{xen: M{\\/uif ){x) > iV^fc}! 

k 

<J2s\\{x e n : A^(|/in(x) > ^^TV^e^-*)}! 

1=1 

+ ej|{2; e : M{\\/ui\^){x) > 1}| 

+ e^+^\{xen:Mi\Vu\'')ix)>l}\. 
This estimate in turn completes the induction on k. □ 
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Finally we are ready to prove the main theorem. 

Theorem 4.21. Let p be a real number I < p < oo. Then there is a small S — 
S{A,p,n,R) > so that for all Q. = UlZo^' where 0.° := 17\ U^^J^rj'' and ft and 
disjoint subdomains f2' 's for i = 1,. . .,K are {5, R)-Reifenberg flat, for all A — 
y4.*XQi where A^'s are {5, R) -vanishing in $7* and uniformly elliptic for i ~ 
0, . . . , K , and for all f with f G L^{^^ R"), the Dirichlet problem (QJ) has a unique 
weak solution with the estimate 

(98) [ \Vu\Pdx <C [ \f\Pdx, 

Jn Jn 

where the constant C is independent of u and f. 

Proof. First we will consider the case p > 2. The case p = 2 is classical and the 
case 1 < p <2 will be proved using duality. Without loss of generality, we assume 
that 

(99) 1 1 / 1 1 LP (n) is small enough 
and 

|{a; e Q. : M{\Vu\^) > N^}\ < e\Bi\ 

by multiplying the PDF ([T]) by a small constant depending on ||/||l2(si) and || Vu||i2(f2). 
Since / S LP{n), M{\f\^) G L'P/^{n) by strong p-p estimates. In view of Lemma 
13.11 there is a constant C depending only on d, p, and A^i such that 



(100) ^ " ■■ > ^'^i'} < c\\Mi\fm%%^^y 

k=0 



Then this esitmate, strong p-p estimates, and (1991) imply 

oo 

(101) ^i^^'ii^ ^ ^ ■ > '^'^i^'} < 1- 



fe=0 



Now we wiU claim that 7W(|Vup) £ LP^^ by using Lemma l3 . 1 1 when / = jM(|Vwp) 
and m — Nf. Let us compute 



J2Nf\{x e n : X(|Vm|2)(x) > A^f }| 

fc=0 

oo / k y 

< E ^i' E^il{^ e ^ ■■ -^(l/nC^) > -5^^^^^'"^)}! + e\\{x e n : M{\\/u\^){x) > 1}\ 

cso / oo \ 

= EW^i)' E G ^ ■■ M{\f\'){x) > 5'N',^'-'^}\ 

oo 

+ Y,iN?ei)''\{x e n : M{\Vu\^){x) > 1}| 

k=l 

oo 

< C^(iVfei)^- < +00, 
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where we used Corollary 14.201 and (jlOip . Also we can choose ei so that Nfei < 1 
since Ni is a universal constant depending on the dimension and ellipticity. So we 
can take e, and find the corresponding 6 > 0, also ei. By this estimate and Lemma 
311 7W(|Vw|2) g LP/2(^^y xhus Vw € LP{n). 



Now suppose that 1 < p < 2. For any g E L''(r2,K") and , a transpose matrix 
of A, consider the following equation. 



(102) 
Then 



-div{A'^ {x)'S/v(x)) = divg in 
V = on dil 



/ fVvdx — divfvdx — / div(74Vu)uda; 
Jo Jn 

= - I {AWu){Wv)dx = - I Wu{A'^Wv)dx 
Jn Jn 

= / udiv{A^\7v)dx — / u{~divg)dx — / S/ugdx. 
Jn Jn Jn 

By above, note that ||Vw||i9 < C||.g||i9, 



Vug\ I / Wvf\ 



|Vu|lip(n) = sup -^-^i^ < 



o^geLi{n) \\9\\Li{n) \\9\\L<i(n) 
which completes the proof. □ 
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